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Consider a function f ∈ Lp. Here, we are interested in the space the function f̂ belongs to. In the case
of p = 1, we can easily see that

|f̂(ξ)| ≤
∫
|f | = ‖f‖1 =⇒ ‖f̂‖∞ ≤ ‖f‖1

Also, since Fourier transform is isometry mapping from L2 to itself (Plancheral’s formula), we have

‖f̂‖L2 = ‖f‖2. Then, by applying Risez-Thorin or Marcinkiewicz interpolation theorem we easily get that

‖f̂‖p′ ≤ ‖f‖p ∀p ∈ [1, 2] where p′ is a dual exponent of p. i.e. 1
p

+ 1
p′

= 1. Then, natural question is whether

it is true for p ∈ (2,∞). However, unfortunately, the answer is negative. It is well know that, sometimes,
the fourier transform of function in Lp with p ∈ (2,∞) is not even a function (it will be a distribution like
Dirac Delta function.). Thus, for now, we don’t have much things to talk about it.

Then, is it possible to get the function back even if the Fourier transform of it behaves badly? In other
words, it is true that

f(x) =

∫
Rn

f̂(ξ)e2πixξdξ?(1)

Let’s consider the case when n = 1. In order to discuss about it, we need a special kind of singular
transformation called Hilbert Transformation. Hilbert transformation naturally arise in the problem
of Riemann-Hilbert problem which is originated from Riemann prorblem. Riemann problem is about
finding analytic solution of a boundary value problem with specific boundary condition within the simply
connected domain in C. If you know the Riemann mapping theorem, it easily follows that the problem
is equivalent to the problem of finding analytic solution with domain changed to upper half plane in one
dimensional complex space. Now, consider a function u given by

u(z) =

∫ ∞
0

f̂(ξ)e2πiz·ξdξ +

∫ 0

−∞
f̂(ξ)e2πiz·ξdξ

where z = x + it. This function is clearly harmonic which follows from the fact that f is harmonic if
∂z∂zf = 0. Then now, define

iv(z) =

∫ ∞
0

f̂(ξ)e2πiz·ξdξ −
∫ 0

−∞
f̂(ξ)e2πiz·ξdξ.

Then, similarly, we know v is harmonic function. Furthermore, we observe that u(z) + iv(z) is analytic
recalling that f is analytic if ∂zf = 0. If we change the form of v(z) a little bit, we get

v(z) =

∫
R
−isgn(ξ)e−2πt|ξ|f̂(ξ)e2πix·ξdξ.

and it is equivalent to the expression
v(x, t) = Qt ∗ f(x)

where
Q̂t(ξ) = −isgn(ξ)e−2πt|ξ|.

Now, observe that, after some straight forward calculation, we have

Qt(x) =

∫ ∞
−∞
−isgn(ξ)e−2πt|ξ|e2πiξxdξ =

1

π

x

t2 + x2
.

Now, there is a theorem.
Theorem. Qt −−→

t→0

1
π
p.v. 1

x
in tempered distribution S ′

1
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Here, the tempered distribution is a dual space of the space of Schwartz functions S which is the class
of functions vanish faster than the increasement of polynomial. i.e. if f ∈ S, then p(x)f(x) is bounded
for any polynomial p. This class of functions is very polular and well known for Fourier transformation
because Fourier transformation is an isomorphism between S to itself which means we can always get the
function f back from f̂ . Anyway, the theorem above is important. But the proof is omitted.

Now, we define the Hilbert transformation. The Hilbert transformation of a function f , Hf is defined
by following three ways.

Hf = lim
t→0

Qt ∗ f

Hf =
1

π
p.v.

1

x
∗ f

Ĥf(ξ) = −isgn(ξ)f̂(ξ).

Now, we should be able to see that it is clear that(all can be deduced by third expression above.)

‖Hf‖2 = ‖f‖2, H(Hf) = −f,
∫
Hf · g = −

∫
f ·Hg.

Now, we have very important theorem.

Theorem
(1) (Kolmogorov) H is weak (1, 1).
(2) (M.Riesz) H is strong (p, p) for 1 < p <∞.

The proof of Kolmogorov theorem requires a good technique called Calderon-Zygmund decomposition.
This decomposition decomposed an arbitrary function f ∈ L1 into two parts g and b which are called
’good’ function and ’bad’ function. It simply split the domain in terms of dyadic cubes which are squares
with side length 2−k and extract good function from each cubes. To make this artical simple, let me skip
this.

But the proof of Riesz is fairly simple since we know ‖Hf‖2 = ‖f‖2 so by interpolation theorem, we get
H is strong (p, p) for all p ∈ (1, 2]. And now, by using dual argument, we get the result for all p ∈ (1,∞).

It was pretty long to get here. Now, we will show that we can get the fucntion back from f̂ in Lp for all
p ∈ (1,∞). In order to do that, we first note that∫

R
f̂(ξ)e2πiξxdξ = lim

R→∞

∫ R

−R
f̂(ξ)e2πiξxdξ = lim

R→∞

∫
χ[−R,R]f̂(ξ)e2πiξxdξ = lim

R→∞

[
χ(−R,R)(ξ)f̂(ξ)

]∨
.

And also, note that

χ(−R,R)(ξ) =
i

2
[MRHM−R −M−RHMR]∧

where [MRf(x)] = e2πixRf(x)
because

[MRHM−Rf ]∧(ξ) = M̂R(−isgn(ξ))f(ξ −R) = −isgn(ξ +R)f(ξ)

so

i

2
[MRHM−R −M−RHMR]∧ =

1

2
[sgn(ξ +R)− sgn(ξ −R)] =

{
1 ξ ∈ (−R,R)

0 Otherwise

Now, note that MR does not affect to the norm and we know H is weak (1,1) and strong (p,p) for

p ∈ (1,∞), so the operator SR defined by (SRf)∧ = χ(−R,R)f̂ is weak (1, 1) and strong (p, p) for p ∈ (1,∞).
Thus, we get ‖SRf‖p ≤ Cp‖f‖p.
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Lastly, choose f ∈ Lp with p ∈ (1,∞) and observe that, for any ε > 0, choosing g ∈ S such that
‖f − g‖p < ε,

‖SRf − f‖p ≤ ‖SRf − SRg‖p + ‖SRg − g‖p + ‖f − g‖p ≤ (Cp + 1)ε

since SRg −−−→
R→∞

g for any g ∈ S. Therefore, SRf −−−→
R→∞

f in Lp and similarly, converges in measure in L1.

Thus, we observed that we could have the function back from its Fourier transformation in the case of n = 1.

In the case of when n > 1, the case is complicated and answer is negative by the paper of Charles
Feffereman. He discovered that the (χBR

f)∨ 6−−−→
R→∞

f in Lp with p 6= 2 (when p = 2 it is true by Plancheral

formula).


